Abstract. In this paper, we introduce h(x) -Fibonacci polynomials in an arbitrary finite-dimensional unitary algebra over a field K (K = R, C) , which generalize both h(x) -Fibonacci quaternion polynomials and h(x) -Fibonacci octonion polynomials. For h(x) -Fibonacci polynomials in such an arbitrary algebra, we prove summation formula, generating function, Binet-style formula, Catalan-style identity, and d'Ocagne-type identity.
Introduction
In modern investigation there is a huge interest to real Fibonacci numbers and numerous their generalizations. The Fibonacci numbers f n are the terms of the sequence 0, 1, 1, 2, 3, 5, . . . , where f n = f n−1 + f n−2 , n = 2, 3, . . . , with the initial values f 0 = 0, f 1 = 1 .
In the paper [1] , were introduced k -Fibonacci numbers f k,n by the equality f k,n = kf k,n−1 + f k,n−2 , n = 2, 3, . . . ,
with the initial values f k,0 = 0, f k,1 = 1, for all k . It is easy to see that Pell numbers are 2 -Fibonacci numbers. Catalan studied polynomials F n (x), defined by the recurrence relation F n (x) = xF n−1 (x) + F n−2 (x), n ≥ 3, where F 1 (x) = 0 , F 2 (x) = x . There are another generalizations of Fibonacci numbers, as for example, Jacobsthal polynomials J n (x) , defined by J n (x) = J n−1 (x) + xJ n−2 (x), n = 3, 4, . . . ,
where J 1 (x) = J 2 (x) = 1 . There also exist the Byrd polynomials ϕ n (x) which are defined by the relation ϕ n (x) = 2xϕ n−1 (x) + ϕ n−2 (x), n = 2, 3, . . . ,
where J 0 (x) = 0, ϕ 1 (x) = 1 . The Lucas polynomials L n (x) were introduction by Bicknell, and are defined by
In the paper [4] , authors introduced h(x) -Fibonacci polynomials F h,n (x), which generalize both Catalan's polynomials, Byrd's polynomials and also the k -Fibonacci numbers. Let h(x) be a polynomial with real coefficients. The h(x) -Fibonacci polynomials are defined by the recurrence relation
where F h,0 (x) = 0 , F h,1 (x) = 1, for all polynomials h(x) . In [4] , are studied basic properties of h(x) -Fibonacci polynomials. We note that due to essential results given in the paper [4] were obtained the results from the papers [2, 3] , where were considered the x -Fibonacci polynomials.
Numerous generalizations of Fibonacci numbers generated different hypercomplex generalizations of Fibonacci numbers. Therefore, Fibonacci elements over some special algebras were intensively studied in the last time in various papers, as for example: [7] - [18] . All these papers studied properties of Fibonacci elements in complex numbers, or in quaternions and octonions, or in generalized Quaternion and Octonion algebras, or studied dual vectors or dual Fibonacci quaternions. At the same time, in the paper [19] were considered Fibonacci elements in an arbitrary finite-dimensional unitary algebra over a field K ( K = R, C ) and were proved some basic properties of these hypercomplex numbers (generating functions, Binet formula, Cassini's identity, etc.).
In the paper [20] are defined the k -Fibonacci and the k -Lucas quaternions. For these quaternions were investigated the generating functions, Binet formula, formulae for some sums and Cassini's identity. Some of results of the paper [20] were generalized in the article [21] , where was introduced the h(x) -Fibonacci quaternion polynomials which generalize the k -Fibonacci quaternion numbers. In [21] , is presented a Binet-style formula, ordinary generating function and some basic identities for h(x) -Fibonacci quaternion polynomials.
In the paper [22] are defined h(x) -Fibonacci octonion polynomials. For the last mentioned, were obtained a similar Binet formula and generating function.
In this paper, we introduce h(x) -Fibonacci polynomials in an arbitrary finite dimensional unitary algebra over a field K ( K = R, C ) which generalize both k -Fibonacci quaternions, h(x) -Fibonacci quaternion polynomials and h(x) -Fibonacci octonion polynomials. We also prove some relations between h(x) -Fibonacci polynomials in such an arbitrary algebra, Binet-style formula, Catalan-style identity, and generating function.
Real h(x) -Fibonacci polynomials and their properties
In this section we indicate some basic properties of h(x) -Fibonacci polynomials defined by the equality (1).
1. Generating function [4] :
2. For n ∈ N (see [4] ), we have
3. For n ∈ N (see [4] ), we have
4. For n ∈ N (see [4] ), we have
where
is the Chebyshev polynomial of the second kind. 
For all n = 0, 1, 2, . . . the Binet formula is of the form (see [4] )
6. (see [3] ):
7. (see [3] ):
8. For n, r integers and n > r we have the Catalan identity [3] :
9. For a, b, c, d and r integers, with a + b = c + d we have [3] :
We note that the representation given in (2) can be rewritten in the following differential form 10.
h(x) -Fibonacci polynomials in an arbitrary finite dimensional algebra
Let A be an unitary arbitrary (m + 1) -dimensional algebra over K ( K = R, C ) with a basis {e 0 , e 1 , e 2 , ..., e m }. 
where F h,n (x) is the n th real h(x) -Fibonacci polynomial.
In the case where the algebra A coincides with the quaternion algebra H , we obtain h(x) -Fibonacci quaternion polynomials, studied in [21] . If an algebra A coincides with the octonion algebra H , we obtain h(x) -Fibonacci octonion polynomials which were considered in [22] .
Proposition 3.2. For any natural numbers n and p the following relations hold:
Proof. (i) directly follows from definition 3.1.
(ii) In the following, instead of Q h,n (x) and F h,j (x) we will write Q h,n and F h,j , respectively. Using the identity (5), we have
Since from (5) 
The proposition is proved.
We obtain the following Binet formula for Q h,n (x) .
Theorem 3.3. For n = 0, 1, 2, . . . we have the following relation
Proof. Using the Binet-style formula (4), we obtain
Remark 3.4. The above result generalizes the Binet formulae from the papers [21] and [22] .
Definition 3.5. The generating function G(t) of the sequence {Q h,n (x)} ∞ n=0 is defined by
Theorem 3.6. The generating function for the h(x) -Fibonacci polynomials Q h,n (x) in an arbitrary algebra is of the form
Proof. Taking into account the equality (8), we consider the product
The theorem is proved.
Remark 3.7. The above Theorem generalizes results from the papers [21] and [22] .
Theorem 3.8. (Catalan's identity) For nonnegative integer numbers n, r , such that r ≤ n , we have
Proof. Using the formula (7), we have
Now, taking into account the relations α(x)β(x) = −1 ,
α(x) = −β 2 (x) , we obtain the statement of the theorem. The theorem is now proved.
If in the Theorem 3.8 we set r = 1 , we obtain the Cassini-style identity. Remark 3.10. Theorem 3.8 and Corollary 3.9 generalize the Theorems 3.8 and 3.9, respectively, from the paper [21] .
Similarly to proof of Theorem 3.8, can be proved the following result. (α * (x)β * (x)α r−n (x) − β * (x)α * (x)β r−n (x)).
